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ABSTRACT 

Increased attention is currently paid to studying the so-called "secondary" acoustic-gravity waves (AGWs), which appear 

due to instabilities and nonlinear interactions of "primary" wave modes generated by atmospheric sources. This report is 

devoted to the study of horizontal spatial spectra of primary and secondary AGWs at fixed altitude levels in the middle 

and upper atmosphere using a high-resolution three-dimensional nonlinear model AtmoSym. It is found that in a short time 

after turning on the source of plane waves at the lower boundary of the model, the spectrum contains mainly a peak related 

to the primary AGW. Later, spectral peaks corresponding to secondary AGWs appear at horizontal wave numbers that are 

multiples of the wave numbers of the primary wave. This study allows estimating relative contributions of secondary 

AGWs at different heights, different times, and for different atmospheric conditions. 

Keywords: acoustic-gravity waves, spectrum, secondary waves, numerical simulation, upper atmosphere, middle 

atmosphere. 

1. INTRODUCTION. 

Important factors of the middle and upper atmosphere dynamics are acoustic-gravity waves (AGWs). They are generated 

in the lower atmosphere and propagate upwards, transmitting energy and momentum to the middle and upper atmosphere. 

Dissipating waves can influence zonal and meridional circulation in the mesosphere and lower thermosphere (MLT) 

region. Recent studies demonstrate the AGW importance for the thermosphere [1, 2]. These studies revealed that 

accelerations of the mean flow created by dissipating AGWs contribute to maintaining the momentum balance in the 

thermosphere. Thus, proper knowledge about AGWs is necessary for understanding the dynamics of the middle and upper 

atmosphere. Recently, numerical simulations of nonlinear AGWs and turbulence in the atmosphere has been intensively 

expanding. Fritts et al. [3, 4] simulated the breaking of atmospheric waves and developing Kelvin-Helmholtz instabilities. 

These three-dimensional models simulate AGW propagation and breaking in atmospheric areas having restricted vertical 

and horizontal sizes. Authors [5, 6] made two-dimensional simulations of atmospheric AGWs. 

When AGWs are destroyed in the middle and upper atmosphere, they produce strong nonlinearity and cascade energy 

transfer to smaller scale “secondary” wave modes having lengths smaller than the primary AGWs. These secondary AGWs 

can activate the transition of wave energy to turbulence, and can also create significant wave momentum fluxes. In addition, 

secondary AGWs can form background field inhomogeneities with dimensions comparable to the horizontal dimensions 

of wave packets [8]. Primary AGWs that propagate from the troposphere can create localized areas of increased and 

decreased momentum and energy fluxes in the middle and upper atmosphere [9, 10]. Secondary AGWs can also be 

generated by strong nonlinearities during the destruction of primary AGWs. Such secondary AGWs appear as "high 

harmonics" and usually have lengths and periods shorter than primary wave modes [11, 12]. Thus, the generation of 

secondary AGWs is an important and little studied process that strongly modifies the mechanisms of transfer and 

transformation of wave energy and momentum. A deeper study of secondary AGWs requires the development of high-

resolution numerical models and methods of proper spectral analysis. 

A high-resolution three-dimensional numerical model of nonlinear AGW propagation from the Earth's surface to the 

thermosphere has been developed by Gavrilov and Kshevetskii [7]. The numerical scheme involves the fundamental 

conservation laws for energy, mass and momentum, also the non-decreasing entropy law.  

*matvey.efimov.96@mail.ru; phone 8-962-701-08-40 

29th International Symposium on Atmospheric and Ocean Optics: Atmospheric Physics, 
edited by Oleg A. Romanovskii, Proc. of SPIE Vol. 12780, 127807C

© 2023 SPIE · 0277-786X · doi: 10.1117/12.2690531

Proc. of SPIE Vol. 12780  127807C-1
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 13 Nov 2023
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



 

 

 

This model allows obtaining physically correct solutions of hydrodynamic equations, and ensure the numerical scheme 

stability in the region of breaking of nonlinear AGWs into turbulence, where many computational algorithms become 

ineffective. In combination with a large range of studied heights, this stable algorithm makes this numerical model suitable 

for modeling AGWs and their instabilities at heights from the earth's surface to the thermosphere. Numerical modeling 

makes it possible better understanding the mechanisms of dynamic interaction between different layers of the atmosphere. 

A high-resolution three-dimensional numerical model of nonlinear AGW propagation from the Earth's surface to the 

thermosphere has been developed by Gavrilov and Kshevetskii [7]. The numerical scheme involves the fundamental 

conservation laws for energy, mass and momentum, also the non-decreasing entropy law. This model allows obtaining 

physically correct solutions of hydrodynamic equations, and ensure the numerical scheme stability in the region of breaking 

of nonlinear AGWs into turbulence, where many computational algorithms become ineffective. In combination with a 

large range of studied heights, this stable algorithm makes this numerical model suitable for modeling AGWs and their 

instabilities at heights from the earth's surface to the thermosphere. Numerical modeling makes it possible better 

understanding the mechanisms of dynamic interaction between different layers of the atmosphere. 

This paper describes simulating plane waves in the high-resolution AtmoSym model involving an algorithm that allows 

separating a spectrum of primary AGWs generated by a wave source at the lower boundary of the model from the spectrum 

of secondary AGWs that are generated at different levels of the middle and upper atmosphere by these primary waves. 

Examples are given showing the gradual formation of the spectrum of secondary waves after sharp triggering on the wave 

source in the model. 

2. NUMERICAL MODEL. 

In this study, we use a high-resolution 3D numerical model, called as “AtmoSym”, for nonlinear atmospheric AGWs [7], 

which is now available for free online use [13]. This model uses flat geometry and primitive 3D hydrodynamic equations 

[7]. The AtmoSym model involves dissipative and nonlinear processes affecting the propagation of AGWs. The 

background coefficients of dynamic molecular viscosity and thermal conductivity are estimated using the Sutherland 

formula [14]. The AtmoSym model includes also background turbulent viscosity and thermal conductivity, reaching 

maxima of about 10 m2/s in the boundary layer and lower thermosphere and a minimum of 0.1 m2/s in the stratosphere [7]. 

Zero values of vertical temperature and horizontal velocity gradients, as well as zero vertical velocity are set on the upper 

boundary [7]. Such upper boundary conditions can cause the reflection of AGWs coming from the underlying layers of 

the atmosphere. The upper boundary in the present study is set at altitude of 600 km, where the molecular viscosity and 

thermal conductivity are very high and the reflected waves are subject to strong attenuation. Numerical tests show that the 

influence of the upper boundary conditions is negligible at distances from the upper boundary that exceed twice the height 

scale of the atmosphere. Therefore, at altitudes up to 200 km, analyzed in this article, the influence of the upper boundary 

conditions is insignificant. The lower boundary conditions on the Earth's surface have the following form (see [7]): 

(𝑇 ′)𝑧=0 = 0, (𝑢)𝑧=0 = 0, (𝑣)𝑧=0 = 0, (𝑤)𝑧=0 = 𝑊0 𝑐𝑜𝑠( 𝜎𝑡 − 𝑘ℎ
⃗⃗⃗⃗ ∙ 𝑟 ),                 (1) 

where T’, u, v, ware wave perturbations of temperature and velocity components along the horizontal axes x, y and the 

vertical axis z, respectively. The last relation for the vertical velocity on the Earth's surface in (1) serves as a source of flat 

AGWs in the AtmoSym model, with W0 and σ being the amplitude and frequency of wave excitation; 𝑘ℎ
⃗⃗⃗⃗ (𝑘𝑥, 𝑘𝑦)  and 

𝑟ℎ⃗⃗  ⃗(𝑥, 𝑦) are the horizontal wave vector and radius vector, and kx and ky are the wave numbers along the horizontal axes x 

and y, respectively. Plane wave modes can be considered as spectral components of tropospheric convective, turbulent and 

meteorological processes. These processes can be parameterized by the corresponding sets of effective spectral 

components of the vertical velocity at the lower boundary of the atmosphere [15, 16]. Along the horizontal axes x and y, 

one can assume the periodicity of the wave fields. 

Our numerical simulation starts from a steady and windless state of the undisturbed atmosphere with vertical background 

temperature, density, molecular weight, and molecular-kinematic viscosity profiles corresponding to January at a latitude 

of 50° N at the mean solar activity according to the NRLMSISE-00 model [17]. The wave source in the model is sharply 

activated at t = 0, and for t > 0 the source amplitude W0 in (1) does not change. It should be expected that at small amplitudes 

of the wave source in equation (1), in the lower and middle atmosphere at t » 0, the numerical solution should tend the 

steady plane AGWs corresponding to the standard linear theory (for example, [18]). Gavrilov et al. [19] showed good 
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agreement between the simulated amplitudes of various wave fields and the polarization relations of the linear AGW theory 

[18] at t ≫ 0 at altitudes up to 100 km. 

3. RESULTS OF SIMULATIONS 

In the present study, we consider AGW modes propagating along the eastward x axis and assume, similarly to [20], that 

the horizontal size of the considered atmospheric region is equal to the length of the latitudinal circle at latitude of 50° N, 

which is Lh ≈ 27,000 km. On the horizontal boundaries of this circle of latitude, we use periodic boundary conditions (see 

[7]). The simulation was carried out using a wave source (1) with AGW amplitude W0 = 0.1 mm/s. The used range of 

horizontal phase velocities ch ~ 50 - 200 m/s corresponds to AGWs with relatively large vertical wavelengths that can 

propagate from the Earth's surface to the upper layers of the atmosphere. The number of wavelengths along the circle of 

latitude is n = 32. This corresponds to the horizontal wavelength λh = Lh/n ≈ 840 km and AGW periods τ = λh/ch ~ 4.7 – 1.2 

h for the range of ch values indicated above. The step between the nodes of the horizontal grid of the numerical model is 

Δx = λh/16, and the computational time step was automatically chosen to be Δt ≈ 2.9 s. The vertical grid of the model covers 

altitudes from the earth's surface up to 600 km and contains 1024 unequally spaced nodes. The vertical grid spacing varies 

from 12 m near the ground to 3 km near the upper boundary, so about 70% of the grid nodes are located in the lower and 

middle atmosphere. 

 

Figure 1. Spectral density, Sw, of model variations of the vertical velocity (in m3/s2) depending on kh (in m-1) on horizontal planes located 

at different heights (indicated by numbers in km) at the model time t = 10 h after the turning on the wave source (1) on the Earth's 

surface with W0 = 0.1 mm/s and horizontal phase velocity ch = 50 m/s. 

The spatial spectra of the simulated hydrodynamic fields in terms of the horizontal wave number are calculated for 

horizontal planes located at fixed heights and moments of the model time. On such a plane, the values of the simulated 
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hydrodynamic variables are approximated by the sum of the cosine and sine Fourier transforms using the least-squares 

method. Such calculations are equivalent to the Lomb-Scargle method of spectral analysis [21, 22]. Fig. 1 shows the 

vertical velocity spectra at different heights in the middle and upper atmosphere at the model time t = 10 h after the wave 

source (1) was switched on. It can be seen that a peak with kh = kh1 = 2π/λh dominates near the wave source at a height of 

0.1 km. At heights of the mesosphere and thermosphere in the spectra in Fig. 1, additionally to the main peak of the primary 

AGW with kh = kh1, there are peaks at multiple wavenumbers kh2 = 2kh1 and kh3 = 3kh1. These peaks correspond to secondary 

wave modes that arise due to the nonlinearity of the hydrodynamic equations. 

Figures 2 and 3 are similar to Fig. 1, but for later times, respectively, t = 20 h and t = 40 h after turning on the wave source. 

One by one consideration of Figs. 1 – 3 shows that the amplitude of the peak corresponding to the primary AGW increases 

as the wave energy propagates to high altitudes after turning on the wave source on the earth's surface. Correspondingly, 

the spectral peaks of secondary AGWs increase also. 

 

Figure 2. Same as Fig. 1, but for t = 20 h. 

In particular, the peaks of the third harmonic with kh = 3kh1 are relatively small in Figs. 1 and increase in Fig. 2 and Fig. 3. 

This shows the gradual development of the spectrum of secondary AGWs as a result of continuous nonlinear interactions 

during the propagation of atmospheric AGWs from the Earth's surface to the heights of the thermosphere. 

In this paper, the AtmoSym high-resolution nonlinear model is used to simulate the spectrum of primary waves 

generated by wave sources at the lower boundary of the model and the spectrum of secondary modes generated by these 

primary waves at different heights of the middle and upper atmosphere. Examples are given showing the gradual 

formation of the spectrum of secondary waves after the inclusion of a wave source in the model. It is shown that a short 

time after the source of plane waves is turned on at the lower boundary of the model, the spectrum consists of a peak 
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corresponding to the primary AGW. Later, peaks of secondary wave modes appear in the spectra with horizontal wave 

numbers that are multiples of the wave numbers of the primary AGW.  

 

 

Figure 3. Same as Fig. 1, but for t = 20 h. 

 

4. CONCLUSION.  

In this work, limited computational power allowed to carry out simulation only with relatively large horizontal grid steps 

and analyze only the primary wave and the first two spectral peaks of the secondary modes. In the future, similar 

simulations with smaller steps are required in order to study the features of the formation of the spectrum of secondary 

AGWs in a wider range of wave numbers. 

     This study was financially supported by the Russian Science Foundation (grant 22-27-00171). 
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