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1. INTRODUCTION

Internal gravity waves (IGWs) play an important
role in the formation of the general circulation, ther�
mal regime, and composition of the middle and upper
atmosphere. Interest in studying accelerations of the
mean flow and heat influxes generated by IGWs has
increased in recent years due to numerical modeling of
the general circulation of the atmosphere. Interpreting
IGW observations and including IGW effects in
numerical atmospheric models necessitate the devel�
opment of simple numerical schemes that would satis�
factorily describe the wave oscillations and demand
minimal computer time.

The topography of the earth’s surface is one impor�
tant source for IGWs. The incoming airflow interacts
with irregularities of the relief so that mesoscale sta�
tionary orographic waves (MSOWs) can arise. Quasi�
stationary orographic waves have been observed in the
troposphere [1, 2] and the stratosphere [3–5] via vari�
ous techniques. Stationary wave structures with hori�
zontal lengths of about 36 km aligned parallel to the
Andes mountain system and having the properties of
orographically generated gravity waves propagating up
into the upper atmosphere were visible in the images of
nighttime airglow emissions at 80� to 100�km altitudes
over Argentina [6].

Orographic waves and their potential impact on the
thermal regime and dynamics of the mesosphere and
lower thermosphere have been studied extensively by
Russian scientists over the Ural Mountains [7–9] and
the Caucasus range [10, 11]. These experimental data
demonstrate the existence of quasi�stationary temper�

ature disturbances with amplitudes of ~10 K over
mountain systems at 80–90 km. Estimates of the spa�
tial distribution of energy fluxes of orographic waves
into the mesopause region in the lee of a mountain
range were made in [12]. The wave�energy fluxes were
estimated in [12] to be ~3 mW/m2 on average. The
possibility that orographic waves could influence the
circulation and thermal regime of the middle atmo�
sphere was discussed in [13–16]. The mesoscale vari�
ability of temperatures in the troposphere and strato�
sphere was analyzed and its enhancement over moun�
tain systems was demonstrated in [17] using low�orbit
GPS satellite data.

Several parameterizations have been developed for
MSOWs, for example, [18, 19], but these parameter�
izations do not take into account all the details of the
propagation and impact of the waves in the atmo�
sphere. In [18] most attention has been given to the
parametrization of the earth’s surface relief and to the
estimation of parameters of MSOWs near their
sources, but parameters of the waves at high altitudes
have not been considered. In [19], the dissipation of
MSOWs in the atmosphere is disregarded. This simpli�
fication is permissible in calculations of the vertical
profiles of tropospheric MSOWs, but the dissipation of
wave energy becomes significant as the altitude
increases. Furthermore, several parameterizations do
not calculate vertical profiles of heat fluxes and wave
accelerations induced by MSOWs, correct formulas
for which can be obtained only by taking into account
the rotation of the atmosphere.
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In this study we have developed a parametrization
for MSOWs propagating in the atmosphere from the
earth’s surface, improved polarization relations for
MSOWs, and derived formulas to calculate the total
vertical flux of wave energy and the amplitude of hori�
zontal speed that take into account the rotation of the
atmosphere.

2. DYNAMIC AND THERMAL EFFECT 
OF OROGRAPHIC WAVES

According to the theory of mesoscale stationary
disturbances arising when an incoming airstream flows
over a mountain, these disturbances can be referred to
as IGWs with frequencies σ = 0. When the IGWs prop�
agate in an inhomogeneous rotating atmosphere with
dissipation, the mean flow and the waves exchange
energy and the atmosphere is warmed by the dissipa�
tion of IGW energy. From [20], the wave�energy bal�
ance equation for stationary and horizontally homo�
geneous wave�period�averaged quantities can be writ�
ten as

(1)

where р and ρ are the atmospheric pressure and den�
sity, respectively; vα and w are the velocity compo�
nents along the horizontal axis xα and the vertical axis
z, respectively; repeated Greek subscripts assume
summation; FE is the total wave�energy flux, which
includes the flux of wave energy and its transport by
the mean flow and by turbulent and molecular diffu�
sion; D is the dissipation rate of wave energy; aαw is the
components of the wave acceleration of the mean flow
that enter the equation for the horizontal component
of the mean velocity; σσβ and ταβ are the molecular and
turbulent viscous stress tensors, respectively; the over�
bar denotes averaging over a wave period; and primes
denote wave components of the corresponding quan�
tities.

On the right�hand side of the first equation in (1),
there are terms that describe the dissipation rate of
wave energy and the work of nonlinear wave–mean
flow interaction forces, which depends on the velocity
of the mean flow and wave acceleration. For a correct
description of the energetics of the dynamic processes
considered here, it is important to know the relation
between the indicated sources and sinks of wave
energy. It is shown in [20] that analytical expressions
relating the rate of wave�energy dissipation and wave
accelerations can be obtained if there is a vertical gra�
dient of the mean wind. These expressions serve as a
basis for our research.

∂FE

∂z
������� ρD– ρvαawα,–=

awα
1
ρ
��
∂ ρvα

' w '( )
∂z

�������������������– ,=

FE p 'w ' ρvαvα
' w ' σzβ' τzβ' +( )vβ

' ,–+=

When we consider the propagation of plane mono�
chromatic wave components, it is convenient to direct
one horizontal axis ξ along the horizontal wave vector
k and the other axis η normally to k. For the compo�
nent of the wave acceleration generated by a plane
IGW along the ξ axis, the following formula may be
obtained in a stationary horizontally uniform model

for the height�varying mean wind ( ) in
[20]:

(2)

and the total heating rate due to IGW energy dissipa�
tion and transport is described by

(3)

where B = (γ – 1) + g–1∂с2/∂z is the parameter of sta�
tistical stability of the atmosphere; γ = cp/c

v
 is the ratio

of heat capacities; Т is the temperature; g is the accel�
eration due to gravity;    are the wave compo�
nents of heat influxes due to turbulent and molecular
viscosity and radiative heat exchange, respectively; s' is
the wave component of entropy; and с is the speed of
sound. Using a standard theory of atmospheric waves
in a plane rotating atmosphere (e.g., [21]), it is possi�
ble to derive polarization relations for stationary grav�
ity waves with frequencies σ = 0 and rather high verti�
cal and horizontal wave numbers |m| � 1/(2H) and k2

� f2/  (where Н is the height of a uniform atmo�
sphere, cs is the speed of sound, and f is the Coriolis
parameter). These polarization relations can be writ�
ten as

(4)

where U, V, and W are the amplitudes of fluctuations
of the velocity components along the axes ξ, η, and z;
R, Р, and Θ are the amplitudes of relative density,
pressure, and temperature variations, respectively;
and Х is an arbitrary constant. A comparison of the
first two formulas of (4) show that, for the wave com�
ponents with |k| � f/ , the amplitude of fluctua�
tions of the velocity U along the ξ axis parallel to the
wave vector k far exceeds the amplitude of the velocity
V in the perpendicular direction and this “transverse”
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velocity component can be ignored. Using (4) and the
relations for σαβ, εt + εm, and εr from [20], from (1) and
(3) one can obtain the following expressions for the
total wave�energy flux, wave acceleration along the ξ
axis, and the total heating rate caused by stationary
waves:

(5)

where ν and Kz are the kinematic coefficients of
molecular and turbulent viscosity, respectively, and Pr
is the effective Prandtl number equal to the ratio of the
total coefficients of molecular and turbulent viscosity
and heat conduction. When deriving the expression
for εw in (5), we remember that D is canceled after the
substitution of (2) into (3) for stationary waves and iso�
late the main summand of the remaining divergent
components. From the last two relations of (5), it is
seen that, in the suggested parametrization for station�
ary mesoscale waves, εw/awξ = (1 – γ)δ  When
δ= 1, the expression for εw in (5) coincides with that
for the rate of dissipation of wave energy due to molec�
ular and turbulent viscosity, which is often used to esti�
mate the thermal effect of stationary mesoscale waves.
From (1) and the first relation of (5), one can obtain
an equation describing the variation in U2 with height,
which, with an accuracy to the largest term on the
right�hand side, has the form

(6)

A comparison of this equation with the last formula
of (5) shows that the divergence of the upward total
MSOW energy flux is proportional to –εw. It is usually
assumed that δ > 0 and the dissipation of wave energy
leads to atmospheric warming, εw > 0, and a decrease
in the total flux of wave energy with height. According
to (5), for specific vertical profiles of the mean wind,
areas are possible in which δ < 0 and the total wave�
energy flux must increase with height in accordance
with (6). Such an enhancement of the energy outflow
may lead in (5) to εw < 0 and to a local cooling of the
atmosphere.

When the amplitude of the wave at the lower
boundary is specified, Eq. (6) can be solved with

respect to U2 for the given vertical profiles  and 
Then from (5) we can calculate the wave acceleration
aξw and the total heating rate εw, which can be used to
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take into account the dynamic and thermal effects of sta�
tionary gravity waves in atmospheric dynamic models.

3. NUMERICAL ALGORITHM 
AND PARAMETRIZATION OF OROGRAPHY

Most numerical general circulation models of the
middle atmosphere use a difference grid along the ver�
tical coordinate with a spacing Δz. Solving (6) within
the ith spacing, one can obtain the expression relating

 at the i +1th grid point to  which has the fol�
lowing form:

(7)

where the subscript i denotes the values of quantities at
the level z = zi.

A constant surface atmospheric current flowing
over mountains or other solid barriers may be an
important source of stationary mesoscale waves in the
atmosphere. For a parametrization of mesoscale orog�
raphy, in our study we use a modification of the
method developed in [19]. This method uses the con�
cept of subgrid orography, which considers variations
in the elevation of the earth’s surface with horizontal
scales smaller than the horizontal grid spacing of a
numerical model.

In the parametrization we develop here, the eleva�
tion scale h', which describes subgrid topography, is
determined from the formula h' = Ll(h) – Lh(h). Here
Ll(h) and Lh(h) are the low�frequency and high�fre�
quency numerical filters applied to the actual distribu�
tion of the earth’s surface elevations h. These filters use
averaging over areas of the earth’s surface with Gauss�
ian weight functions. Characteristics of the filters are
chosen to filter variations in the earth’s surface eleva�
tion efficiently in a region with horizontal scales of
20–200 km, which is recommended for a parametri�
zation of orographic IGWs in [19]. In the neighbor�
hood of each grid point, the elliptical approximation
of subgrid�scale orography is used following [18]

(8)

where hm is the effective elevation of an inhomogene�
ity, а and b are the major and minor semiaxes of an
ellipse, and х' and у' are the coordinate axes directed
along these semiaxes, respectively (Fig. 1). The forces
acting on an elliptical mountain barrier on the side of
the incoming horizontal flow were investigated in [22].
The mountain barrier acts on the atmosphere with an
equal and oppositely directed force. This force is
equivalent to the vertical horizontal momentum flux
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Fm generated by MSOWs. The components of this flux
(per unit area) directed toward the incoming flow (Fm)
and normally to it (Fmn) are given by

(9)

where the subscript 0 denotes values of the quantities
in the surface layer of the atmosphere, v0 is the modu�
lus of the mean velocity of horizontal wind at the lower
boundary, μ = 〈h2〉 – 〈h2〉 is the variance of variations
in the earth’s surface elevation, χ is the angle between
the direction of the wind and the minor axis of the
elliptical relief (Fig. 1), s2 = 〈(∂h/∂х')2〉 is the slope
parameter, and G is the so�called parameter of the
sharpness of a mountain. For the mountain profile (8)
in [18], G = 1.21. The coefficients В and С in (9) are
calculated from the formulas B = 1 – 0.18η – 0.04η2,
С = 0.48η + 0.3η2, where η2 = 〈(∂h/∂у')2〉/〈(∂h/∂х')2〉
is the parameter characterizing the anisotropy of sub�
grid�scale orography. Here the angular brackets
denote averaging over a selected horizontal area cen�
tered at a given point of a medium and over altitude
intervals equal to the effective elevation of the ellipti�
cal relief hm in (8). The theory of orographic waves
[21] yields the following expression for the modulus of
the vertical flux of horizontal momentum in a plane
rotating atmosphere:

(10)

where ke is the effective horizontal wave number. Tak�
ing into account (9) for the components of the wave
momentum flux in (10), we obtain the following
expression used for an estimate of the effective hori�
zontal wave number of an orographic wave:

(11)

Using polarization relations (4), we can obtain

(12)

By calculating Fm on the left�hand side of (12) from
(9), it is possible to determine the effective amplitude
U0 of the orographic wave at the lower boundary,
which is required to solve Eq. (6) by the algorithm (7).
The values of k and U0 calculated from (11) and (12)
will be used as a boundary condition for calculating
the effective orographic�wave amplitude U from (7) at
all points of the vertical grid. The mean�wind compo�
nent in the direction of the wave  in (5) and (6) is
found as the sum of projections of the mean zonal and
meridional wind onto the direction of the wave
momentum flux calculated from (9). After having cal�
culated the U profile, we use (5) to calculate vertical
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profiles of the wave acceleration and the wave influx of
heat.

4. VERIFICATION CALCULATIONS

In performing illustrative calculations to verify the
efficiency of the parametrization described above, we
used the 2�min gridded Earth Topography data set
(ETOPO2). The horizontal grid fits the COMMA�
SPBU (Cologne Model of the Middle Atmosphere at
St. Petersburg University) model of general circula�
tion of the middle atmosphere [23] and has 36 grid
points along the meridians and 64 grid points along the
parallels. The vertical grid spacing is 4.5 km. Calcula�
tions were made at altitudes from the ground to 100
km. Vertical mean profiles of temperature and zonal
and meridional winds in the atmosphere were calcu�
lated from the MSISE90 [24] and HWM93 models.
The mean zonal and meridional winds in the surface
layer of the atmosphere were taken from the National
Center for Atmospheric Research (NCAR) reanalysis
data based on observations of the global meteorologi�
cal network [25]. In the expression for εw in (5), con�
stant value δ = 1 was given for simplicity, which corre�
sponds to the widely used expression for the rate of
wave�energy dissipation due to molecular and turbu�
lent viscosity. The exponentially growing total coeffi�
cients of turbulent and molecular kinematic viscosity
and Pr = 1 were specified. Calculations were made for
January.

Figures 2 and 3 show the vertical profiles of the
amplitude of orographic waves, the total heating rate
of the waves, the modulus of the wave acceleration,
relative variations in temperature, vertical wave num�
ber, energy flux, and mean temperature and projection
of wind velocity onto the direction of the wave vector
at different geographic locations. Figure 2 corresponds

y' y

v x'

χ

x

Fig. 1. Scheme of the orientation of the effective elliptical
relief on the horizontal plane. The coordinate axes x and y
are directed eastward and northward; the x' and y' axes are
directed along the minor and major axes of the elliptical
mountain profile, respectively; and the vectors V denote
the direction of the incoming mean flow.
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to the Alpine region of the Himalayas with an average
elevation 〈h〉 ≈ 3.8 km and the variance of variations in
the earth’s surface elevation μ ≈ 0.9 km. The terrain
corresponding to Fig. 3 has a lower average elevation
〈h〉 ≈ 2 km and μ ≈ 1.6 km. The larger value of μ and the
higher air density at lower altitudes of the generation
of orographic waves result in values of the wave�energy
flux FE when small altitudes are larger in Fig. 3d than
in Fig. 2d. At high altitudes in Fig. 2a, the MSOW
amplitude increases to 75–80 km, while in Fig. 3A it
decreases sharply above 25–30 km. Such a difference
in the behavior of the waves can be explained by the
fact that the vertical wavelength is larger in the first
case than in the second. This can be seen from a com�
parison of Figs. 2c and 3c, which depict profiles of the
vertical wavenumber. It follows from (5)–(7) that the

increase in |m| leads to a stronger dissipation and to the
decay of short orographic waves with altitude.

The distribution of the earth’s surface elevation
variance μ is shown in Fig. 4. The largest variance is
observed over mountain systems. This follows from the
formula for the variance considered in Section 3. Fig�
ures 5 and 6 are the latitude–longitude distributions of
the logarithm of the amplitude of MSOW velocity in
the surface layer of the atmosphere and at 72 km,
respectively. In Fig. 4, the regions of maximum ampli�
tudes correspond to the geographic distribution of the
mountain systems.

The vertical profiles of the amplitude of orographic
waves depend very much on the profiles of mean wind,
temperature, turbulent and molecular viscosity, and
heat conduction. With little dissipation near the
ground, the amplitudes of orographic waves increase
quasi�exponentially with altitude, the regions of max�
imum MSOW amplitudes in Fig. 4 being well corre�
lated with the mountain systems in Fig. 4.

At high altitudes, the kinematic viscosity and heat
conduction increase and cause the dissipation of
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MSOWs with small vertical wavelengths. In Fig. 6,
therefore, for an altitude at about 70 km, the regions of
increased MSOW amplitudes are not always located
over major mountain systems and also reflect the
structure of the background wind and temperature
profiles, which influence the MSOW propagation in
the atmosphere. In Fig. 6, in particular, there are more
regions with increased MSOW amplitudes at the mid�
dle and high latitudes of the Northern (winter) Hemi�
sphere than at the analogous latitudes of the Southern
(summer) Hemisphere. This may be due to the more
favorable conditions of MSOW propagation in the
winter structures of background temperature and wind
than in the summer ones [15]. In particular, a change
in the direction of zonal circulation in the summer
stratosphere and mesosphere can produce critical lev�

els of strong MSOW absorption at altitudes where  =
f/k, which can prevent the waves from penetrating into
the upper atmosphere. The calculations show that the
vertical wave�energy fluxes, wave accelerations of the
mean flow, and heat influxes have spatial distributions
analogous to those of the MSOW amplitudes in Figs. 5
and 6 for the corresponding altitudes.

The values of amplitudes of temperature variations
induced by orographic waves at 80–90 km over moun�
tain systems in Fig. 2b are 10–30 K, and the total ver�

u

tical wave�energy flux FE is a few milliwatts per square
meter, which in order of magnitude equals the experi�
mental estimates [10–12] (see Introduction). The
wave accelerations of the mean flow in the mesosphere
and lower thermosphere in Fig. 2e may be as large as
several tens of m s–1/day, and the wave heat influxes in
Fig. 2f may reach several kelvins per day. This confirms
the conclusions of [13–16] that orographic waves may
significantly affect the circulation and thermal regime
of the middle atmosphere.

As was shown above, the calculations in this paper
used constant values of Pr and δ in (5)–(7). In fact,
according to the last formula of (5), the use of constant
δ corresponds to the assumption that k depends on the
profile of the mean wind. For more accurate estimates
of the dynamic and thermal effects of stationary
mesoscale waves, the dependence of Pr, δ, v, and Kz on
the mean wind and temperature distributions and,
perhaps, on the MSOW parameters must be taken into
account.

5. CONCLUSIONS

In this study polarization relations for MSOWs
were improved and formulas for calculating the total
vertical flux of wave energy and the vertical profile of
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the amplitude of horizontal velocity were derived using
the theory of mesoscale waves in a rotating atmo�
sphere. Expressions were obtained for the total wave
heat flux, accelerations of the mean flow, and heat
influxes induced by stationary wave harmonics of oro�
graphic origin. The parametrization of stationary oro�
graphic waves generated by surface airstreams flowing
over a mountain relief was modified. Calculations of
the characteristics of orographic waves propagating in
the atmosphere from the ground to the lower thermo�
sphere were calculated. Results of previous studies
demonstrating that orographic waves may significantly
influence the circulation and thermal regime of the
middle and upper atmosphere were confirmed. The
formulas derived in this study may be useful for the
parametrization of the dynamic and thermal effect of
stationary orographic waves in atmospheric dynamic
models.
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Fig. 6. The same as in Fig. 5, but at an altitude of 72 km.
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